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ABSTRACT

This paper introduces a new compositional process based
on transformations of previously existing material by seg-
mentation of information located in a 2-dimensional cel-
lular-space, the use of Walsh Functions as triggers, and
recombinancy by cyclic transposition. The process can
produce a wide spectrum of results depending on the size
of segmentation, the choice of the Walsh functions, the
operation(s) used, and the parameters entered for each op-
eration. These results can range from a simple variation
of the input, to an output, holding little or no resemblance
with the original.

1. INTRODUCTION

As many dynamical systems, certain compositional pro-
cesses can be decomposed into components where the state
of the system as a whole results from the transition of state
of its individual components. The concept of composi-
tional processes as mechanisms can be documented back
to Guido d́Arezzo (ca. 991- ca. 1028) and hisMicrologus
(1025-26), where d́Arezzo described an algorithm capable
of producing a melodic line from any input text [1]. This
paper focus on the analysis of the particular device used in
two distinct compositions. In a couple of manuscripts of
Johann Sebastian Bachs (1685-1750),Prelude Iin C Ma-
jor (BWV 846a), andPrelude II in C minor (BWV 847/1)
(from the Well Tempered Clavier I), shown in pages 16-
17 of the reference [1], in order to speed up the process
of copying the actual music content, only a few initial
measures were fully notated as in a modern performance
score. In both manuscripts, once we have a few measures
written out (a template), the remaining of the piece is de-
scribed solely as a sequence of harmonic structures for
which is left implied that the performer knows how to go
on with it. For a performer, its readily apparent how cer-
tain configurations of contour repeat in cycles. The notes
change, but the choreography of the keyboardists fingers
remains identical. For each harmony, the melodic pattern
functions as a list of instructions to how articulate notes
in time. To implement Bachs mechanism we need two in-
puts: a melodic pattern, and an array of harmonies (listed

Figure 1. Bach’s scheme of composition.

from lowest to highest pitches). For each iteration of the
melodic pattern the system combines it with a different
harmony until exhausting all harmonies. A melodic pat-
tern is a sequence of numbers, where, at discrete time-
steps, each number functions as pointer to the note in the
harmony with the same index-number. Preludes I and II
share the process by which the different notes that con-
stitute a harmony are articulated in time. The melodic
pattern that serves as template in prelude I points to the
notes indexed as[01234234− 01234234] while prelude II
uses the following pointers:[03231323− 03231323](left-
hand),[765664656− 765664656] (right-hand). From these
Bach’s examples we understand how melodic patterns, he-
re coded as numerical sequences, function as triggers in
time selecting certain notes from the current harmony. Our
work expands the concept of composition as the result
of independent components, and presents yet a new al-
gorithm for the transformation of previously existing ma-
terial.

We describe, in the next sections, a modular process of
transformation supported by the encoding, selection and
segmentation of a working area in a Cellular Space (CS),
which can be the entire CS as well, and the use of Walsh
Functions as triggers for specified transformations. For



the sake of simplicity, we restrict our description to a par-
ticular transformation, namely,transpositionin CS con-
sidered as a closed (in the pitch-layers direction) cyclic
space, that promotes a kind of recombination of the infor-
mation input.

Recombination is understood here diferently than in
Cope’s work with Experiments in Musical Intelligence[5].
For Cope, recombination is operated on a data-base of
works by a given composer. Each work in the database
is divided into segments (typically one or two measures
long), and each segment catalogued according to its func-
tion in the grammar SPEAC (an Augmented Transition
Network). New works can be composed by re-combining
segments, originally from different works, in a new hi-
erarchically and stylistically plausible context. While in
Cope’s work the idea is to replicate the style(s) present in
a database, we aim at the transformation of a given input,
which can be as short as one note, or as long as a com-
plete composition, by manipulating music data directly at
the lowest level of MIDI based music representation. The
resulting degree of transformation can range from a slight
variation of the input, to an output which has no recogniz-
able link to the original. This implies that, in general, we
are not able to predict the ouput, unless for very simple
and short inputs.

2. CELLULAR SPACE

We present in this section, for the sake of completeness, a
short review of Cellular Space, and how it can be used in
a a variety of contexts. A more complete presentation can
be found in [2, 3] .

2.1. Definition

Our approach on encoding music information on Cellu-
lar Space can provide the ground-level representation for
many different systems. It was originally developed for
string rewriting, but its simplicity makes it a flexible plat-
form suitable for many different applications including,
among others, substitution systems, recombinancy, and
cellular automata. Roughly speaking, given a music mate-
rial input, a Cellular Space is a matrix of empty cells asso-
ciated to it. Formally, a Cellular Space is a 2-dimensional
spaceW = {(n, p), with 0 ≤ t ≤ N, and P0 ≤
p ≤ Pr}, wheren= cell-index,p=pitch-layer,P0 is the
lowest pitch-layer, andPr the highest, andN is the to-
tal number of cells per pitch-layer. In this model, cells
are windows of time set to a time-duration unit we named
cell-sizewhich we denote bys. So, the total time can be
written asT = N × s. In addition the on-time then-th
cell can be written ast = n× s.

2.2. Representation

Cellular Space is internally represented as an array of lists
(a list of lists), where each of the contained lists (a sub-list)
accounts for a pitch-layer (in the input, the set of events
sharing the same MIDI-note). The sequence of sub-lists

is zero-indexed (the first sub-list numbered 0, the second
numbered 1, and so forth), and organized from the lowest
to the highest pitch-layer they represent.

As defined above, each pitch-layer, contains exactly the
same number of cells and these cells (represented as bi-
nary digits) are also zero-indexed. The sequence of cells
samples the time axis by cell-size up to the maximal time
T . The r + 1 pitch-layers in Cellular Space forms the
pitch-range covered in the input and it is calculated as the
difference between the highest and the lowest sounding
notes. The user can, however, override these values by
replacing them with others that extend the default range
within the limits of MIDI systems (note values from 0 to
127 only). The encoding algorithm produces a unique cel-
lular space per MIDI-channel, outputting as many paral-
lel spaces as the number of the different channels found
in the input events. Typically a MIDI-channel can carry
multiple instruments, however, to simplify, the input con-
forms here to a exclusive assignment of a channel per in-
strument, so that, each channel/instrument gets it’s own
cellular-space. Given that no pitch-layer has any partic-
ular information regarding which note-number it repre-
sents, the system registers in a variable the lowest note-
number (*lowest-note*) being represented. This variable
is used as a reference point, where the first sub-list (index
0) represents the activity for the lowest note in the input,
and each subsequent sub-list follows a note-number incre-
ment by 1 (a minor-second up).

Cellular Space can be graphically represented as a ma-
trix of regularly spaced cells, a two-dimensional lattice of
N identical cells as in Example 2. Each row of cells rep-
resents a pitch-layer, and columns are windows of time
represented, where each cell has an on-time and a default
duration.
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Figure 2. An example of Cellular encoding (graphical
representation) of a sequence of events, here a chromatic
scale.

3. SEGMENTATION AND TRIGGERING BY
WALSH FUNCTIONS

Our approach is based on two operations, namely,seg-
mentation of the pitch-layers, and afterwardstriggering
by Walsh Functions, which can be chosen independently
one from another. This allows the system a great flexi-
bility to perform transformations on a given material. In
a segmentation process, a pitch-layer is truncated (i.e.,
sliced) by a constant length (segment-size) defined by the
user. Clearly, it may occur that dividing the length of each
pitch-layer (i.e., the number of cells) by segment-size does
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Figure 3. A segmented Cellular Space

not result in an integer, in which case, the last segment in-
cludes the remaining cells.

As described above, a CS could be viewed as a matrix
where each row is a pitch-layer. With this representation
Example 3 shows a CS sliced by segments of size 3.

For each pitch-layer, consecutive values from the se-
lected Walsh function, in this case (1 -1 1 -1), are as-
signed, one per segment, to the respective segments. The
distribution of values from the designated Walsh func-
tion is processed as loop, so that in those situations where
the number of segments exceeds the size of the Walsh
function, the algorithm returns to the beginning of the se-
lected function, repeating this process until all segments
have been exhausted. In our code the location of a seg-
ment is parametrized by the variablessegment-indexcor-
responding to the segment’s on-time and itspitch-layer
index. So all the basic instructions are located in sub-
strings of the form(walsh−value, segment, segment−
index, pitch− layer index) which are nested in a con-
venient way. For example,(1(001)(20)) is to be read:
walsh-value = 1, segment = (0 0 1), segment-index = 2,
pitch-layer index = 0.

Each value of a Walsh function works as a trigger call-
ing the operation associated with it. For example, a typical
instruction could be: if Walsh value is equal to -1, then do
the operation Transposition in the segment with indexn
by -3. In each iteration of the system all pitch-layers are
given triggers from same Walsh function. Further details
about Walsh Functions can be found in the Appendix sec-
tion.

In Figure 4 we present a diagram of our implementa-
tion of the algorithm and a figure how the Walsh function
modify a binary code.

4. ANALYSIS OF SOME EXPERIMENTS

Triggering operations with Walsh functions can produce
an endless number of outputs with only slight variations
in the parameters’ values. The results from the triggering
transformations depend of too many variables to be easily
predicted. The initial results show that the size of seg-
ments plays a major role in the impact of the transforma-
tion. The smaller are the segments, the larger the number
of triggers distributed along the selected material. When
a trigger calls a certain operation on a segment, the results
will vary according to the actual configuration of 1’s and
0’s in the pitch-layers. With the operation of transposi-
tion, as previously described, we achieve the re-allocation
of cells as arranged in segments. For example, the opera-
tion may result in inserting a segment of digits that corre-
sponded to part of a sustained sound, in a pitch-layer that
had previously no articulations to play. This may also re-
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Figure 4. Diagram of the Algorithm Implementation.

sult in the activation of new pitches, the creation of new-
voices, new articulations, and poly-rhythms. Below we
show some simple examples and the used parameters’ val-
ues, as well as the correspondent scores showing both the
input and output for comparison. Sound examples show-
ing transformations in works of some composers are avail-
able in the internet at http://www.spectrumpress.com/da-
silva/walsh-examples.html.

Example 1: In this example all notes have the same
duration. We’ve chosen a segmentation length igual to 2,
which is proportional to the constant duration of the notes.
It is easy to see that only the pitches were transposed but
no rhythmic modification occured. See figure 4.

• Segmentation length= 2

• Walsh function: (1, 1,−1,−1, 1, 1,−1,−1)

• Trigger= −1

• Transposition= −2

Example 2: The re-allocation of segments with binary
numbers1s (in general, associated with the production of
sound) causes the appearance of new voices and increas-
ing rhythmic complexity. See figure 5.

• Segmentation length= 3

• Walsh function: (1,−1, 1,−1, 1,−1, 1,−1)



• Trigger= −1

• Transposition= −4

Example 3: In this example we’ve just added in the
input score a whole-note (B) in the first measure of the
lower voice (bass clef). In addition to a higher rhythmic
complexity, as in the previous example, note the appear-
ance of vertical structures.

• Segmentation length= 3

• Walsh function: (1,−1, 1,−1, 1,−1, 1,−1)

• Trigger= −1

• Transposition= −4

Example 4:
In this example, we show the progressive change from

the original material through a sucession of transforma-
tions, each one of them with their own parameters, and
effects. When comparing with example 1, we see that the
rhythmic uniformity of the input left little opportunity to
radical rhythmic changes. In the last iteration of the al-
gorith, we used a segmentation by 1 cell, where trigger -1
called the operation of transposition by -3. However,it so
happens that with this particular input, all segments with
trigger -1 included only the digit 0, so the re-allocation of
segments resulted in a identical cellular space.

4a) First change

• Segmentation length= 4

• Walsh function: (1, 1,−1,−1,−1,−1, 1, 1)

• Trigger= 1

• Transposition= 2

4b) Second change

• Segmentation length= 2

• Walsh function: (1,−1, 1,−1, 1,−1, 1,−1)

• Trigger= −1

• Transposition= −1

4c) Third change

• Segmentation length= 2

• Walsh function: (1,−1, 1,−1, 1,−1, 1,−1)

• Trigger= −1

• Transposition= −1

4d) Fourth change

• Segmentation length= 1

• Walsh function: (1, 1,−1,−1,−1,−1, 1, 1)

• Trigger= −1

• Transposition= −3
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Figure 5. Tranformation of long notes .
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Figure 6. Rhythm diversity and new voices in a trans-
formed melodic line.
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Figure 7. Rhythm diversity and new chords formation.
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Figure 8. Four examples showing iterated transforma-
tions of a music material.



4.1. Conclusion and Perspectives

We’ve presented a model for compositional work based on
the transformation of previously existing material. This
model is made possible by the segmentation of data, and
the triggering of external transformations controlled by
user chosen Walsh functions, which have been shown to
be much convenient for such task. In practice, the sym-
metrical disposition of values of a Walsh function implies
that operations of transformation are performed symmet-
rically in time. However, one should not count on recog-
nizing such a symmetry in the output, since is unlikely
for the input to share similar symmetrical properties. The
processes here described have been compositionally used
in Piano Solo IV[4] by Patricio da Silvato, a set of Walsh
variations on a theme by J.S. Bach.

Our model can be generalized to include other func-
tions besides the Walsh ones. The next step will be to
use the so calledSequency Functions[7, 6] (an obvious
generalization of the Walsh Functions)as triggers, and to
incorporate other music parameters, such as rhythm, in-
strumentation, dynamics, etc. This will be accomplished
elsewhere.

5. APPENDIX: WALSH FUNCTIONS AND
HADAMARD MATRICES

Walsh functions became important for representation of
signals through the superposition of members of a set of
simple functions which are easy to generate and define [6,
7]. They were first used in Computer Music as a device to
control Sound Synthesis [8]. They form an ordered set of
rectangular waveforms taking only two amplitudes values
+1 and−1. A simple example of a set of rectangular
waveforms are the Rademacher Functions which can be
defined as

RAD(n, t) = sign[sin(2nπt)] (1)

where0 ≤ t ≤ 1. Rademacher functions have two argu-
mentsn andt such thatRAD(n, t) has2n−1 periods of
square wave over a normalised time base, or interval[0, 1].

The problem with Rademacher System is that it is not
complete in the sense that any signal can be decomposed,
like in a Fourier Series, as a sum (perhaps infinite) of
Rademacher Functions. The simplest complete set of rec-
tangular functions (waveforms in the context of this work)
is the Walsh Set. From the point of view of signal rep-
resentation, Walsh functions consist of trains of square
pulses (with the allowed states being -1 and 1) such that
transitions may only occur at fixed intervals of a unit time
step, the initial state is always 1. In general Walsh func-
tions are defined in a Time Base intervalT and periodi-
cally extended for intervals of lengthkT, k ∈ Z. They
are completely defined by two parameters, itssequency
ordern and its time variablet. It is denotedWAL (n, t),
with n = 0, 1, 2, . . . , N − 1, andN is the order of Walsh
Functions defined below. Using a normalized time vari-
ablet/T the Walsh functions can be defined in the interval

[0, 1]. In addition, they are symmetrical about the centre
and so, when they are defined in the interval[−1/2, 1/2]
they are symmetrical. The even functions are collectively
namedCAL and the odd onesSAL which are in certain
sense the counterparts of the cosine and sine trigonometric
functions. so, we can write

WAL (2k, t) = CAL (k, t) , k = 1, 2, . . . , N/2.(2a)

WAL (2k − 1, t) = SAL (k, t) , k = 1, 2, . . . , N/2.(2b)

Both Rademacher and Walsh Sets are orthogonal sys-
tems in the same way as Fourier Systems ofsin andcos
functions. Other systems of rectangular functions do ex-
ist, such as Haar and Slant Functions. See reference [6]
for more information and bibliography on this subject.

Walsh functions can be ordered in a number of ways.
One of them is the so called sequency order. The sequency
k of a Walsh function is defined as half the number of zero
crossings in one cycle of the time base. Walsh functions
with nonidentical sequencies are orthogonal and the prod-
uct of two Walsh functions is also a Walsh function.

A way to generate Walsh functions is through the so
called Hadamard Matrix[7] when arranged in the ”se-
quency” order. A Hadamard matrix of orderN is a type
of square matrix whose entries are only+1 and−1 and
such that

HHT = NI (3)

This equation implies that the rows ofH (or the Walsh
functions of orderN ) are orthogonal. In the so callednor-
mal formthe first row and the first column are formed only
by+1. The lowest-order Hadamard matrix is the 2 dimen-
sional matrix

H2

[
1 1
1 −1

]
(4)

An important theorem on Hadamard Matrices is stated
as:
Theorem: If Hm andHm are matrices of ordersm and
n respectively, then their Direct Product is anH matrix
of ordermn. The proof of this theorem as well the con-
struction of some Hadamard matrices for some particular
values of their dimensions can be founded in [7].

Most of constructions of Hadamard Matrices are based
on Direct (Kronecker) Product of two matrices. The defi-
nition of Direct Product as as follows. IfA = (aij) is an
m × m matrix andB = (brs) is anm × m matrix, then
the Direct ProductA ⊗ B is themn × mn matrix given
by

A⊗B



a11B a12B . . . a1mB
a21B a22B . . . a2mB

...
...

...
...

ai1B ai2B . . . aimB
...

...
...

...
am1B am2B . . . ammB


(5)



Using this theorem, higher-order matrices, with dimen-
sion2n are easily obtained by the recursive relationship

HN = HN/2 ⊗H2 (6)

whereN = 2n. Thus, for example,

H4 = H2 ⊗H2 =


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

 (7)

All the values at a line of a Hadamard Matrix are the val-
ues of a particular Walsh Function. Clearly the user has
the freedom to map several kinds of mathematical objects
to these values. In this work we map time intervals, which
are obtained by segmentation, to them.

The ordering of Walsh Functions in a Hadamard Matrix
is namednatural orderingand in this case they are also
named Hadamard Functions and denoted byHAD(k, t),
wherek = 0, 1, . . . , N and the variablet is interpreted in
our work as time. For example, the Walsh Functions of
order 8 (H8) are given by the matrix



1 1 1 1 1 1 1 1
1 −1 1 −1 1 −1 1 −1
1 1 −1 −1 1 1 −1 −1
1 −1 −1 1 1 −1 −1 1
1 1 1 1 −1 −1 −1 −1
1 −1 1 −1 −1 1 −1 1
1 1 −1 −1 −1 −1 1 1
1 −1 −1 1 −1 1 1 −1


(8)

from which we can read, for example, the Walsh function

HAD (5, t) = [1,−1, 1,−1,−1, 1,−1, 1] (9)
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